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We consider the approach to thermal equilibrium of a classical homo-
geneous dense gas with pair interaction corresponding to strongly repulsive
forces of range o. A series of systematic approximations to the equation
determining the rate of change of the one-particle reduced distribution is
proposed. Attempting to formulate Enskog’s ideas in microscopic language,
we construct a description within which the effect of s-particle dynamics
(s = 2,3,...) is treated exactly, and the approximation affects only the
influence of the medium on the distribution of s-particle states. It is argued
that for a system close to equilibrium the effect of the medium is primarily
due to the equilibrium component of correlations. This leads to a series of
equations for the one-particle reduced distribution. In the case of s = 2,
after taking the thermodynamic limit and passing to the long-time regime,
the Enskog equation is obtained.

KEY WORDS: Liouville equation; kinetic theory; Enskog equation;
thermal equilibrium; reduced distributions; correlations.

1. INTRODUCTION

The first important contribution to the kinetic theory of dense gases dates
from 1921 and is due to Enskog,” who studied the rigid sphere model.
Attempting to take into account the influence of the finite size of the mole-
cules on the probability of binary collisions together with the fact that the
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centers of two colliding spheres are at a finite distance at the moment of
impact, he suitably modified the Boltzmann collision term and arrived at the
equation@-®

0 0
(@_t + v 8_['1)f1(r1’ Vist)

- fdv2f dk og-k
g.k>0

x {x(r; + 3ok)fi(ry + ok, vy'; 1) fi(ry, vi's 1)
— x(r; — 3ok)fi(r; — ok, vo; 1) f1(re, vi; 1)} (D

Equation (1) determines (in the absence of external fields) the rate of change
of the reduced one-particle distribution fi(r, v; ¢), representing at time ¢ the
density of particles with velocity v at point r; o denotes the rigid sphere
diameter; and g = v, — v4. The velocities vy, v, — v;', v5' refer to a binary
collision in which the positions r; and r, of spheres 1 and 2 at the moment of
impact are related by the equation r; = r; — ok, |k| = 1. The function y
appearing in Eq. (1) is usually identified with the local equilibrium radial
distribution function.

Although based on intuitive arguments, Enskog’s theory agreed so well
with experiment (see, e.g., Ref. 4) that it became an important theoretical
problem to understand under what assumptions it could be derived from first
principles. The research in this field went essentially in two directions: (a)
formulation and analysis of approximations which permit one to deduce
Eq. (1) from the Liouville equation; and (b) derivation of the Enskog ex-
pressions for the transport coefficients from the Green—-Kubo formulas
[within the Enskog theory, transport coefficients are calculated by applying
the Chapman-Enskog procedure to Eq. (1)].

The elucidation of point (a) is still far from being satisfactory and an
attempt to understand this problem is at the origin of the present work. In
fact, the content of various papers concerned with point (2)®® does not go
beyond taking the following two steps: (i) derivation of the exact equation for
the reduced distribution f; in the case of a rigid sphere gas:

0 o
(8_1‘ + v 51_'1')f1(1'1a Vi3 1)

= jdvzf dko?g k{fo(r, 11 + ok, vy, vo'; 1)
g:k>0

- fZ(rla ry — Uks Vi, Vo, t)} (2)

where the notation is the same as in Eq. (1), and £ is the reduced two-particle
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distribution; and (ii) making the assumption, nowhere clearly justified or
explained, that one can put
Sors, vy £+ oK, vy, Vo5 1)
= g5°%(rip = o311 £ 30K)fi(ry, vi; Dfi(r + ok; vy; 1) (3)
where g5°® is the local equilibrium radial distribution function.

This certainly does not give the desired understanding of Enskog’s theory
on the ground of statistical mechanics.

As far as point (b) is concerned, we should mention here a series of
papers by Sengers ef al."%-1? in which a rigorous analysis of the first density
corrections to the rigid sphere transport coefficients has been performed.
Using the binary collision expansion technique, the authors studied systemati-
cally the three-particle contributions in the Green—-Kubo theory. They showed
that only the so-called “double overlap” collisions are taken into account by
the Enskog theory. However, according to Sengers’ estimates, all the other
three-particle collision processes introduce only a small correction to the
Enskog transport coefficients.

The most exhaustive study of point (b) has been performed by Ernst.¢*®
He investigated the reduced time correlation functions of a rigid sphere gas
relevant for the Green—Kubo theory by using the cluster expansion of the
evolution operator. Neglecting systematically all the terms that involved the
dynamics of more than two particles, he reproduced Ono’s* result for two-
particle correlation functions and arrived at the Enskog expressions for the
transport coefficients. The effect of the medium on the two-particle dynamics
has been taken into account in the equilibrium averaging inherent in the
Green-Kubo formulas.

Although in the present work we are concerned with point (a) only, our
main ideas are close to the Ernst interpretation of the Enskog theory. In
Section 2 we define the model of the gas (not confined to the rigid sphere
system), and discuss its initial state. Section 3 contains the formulation, based
on the Liouville equation, of a general approximation scheme for the de-
scription of the time evolution of distribution f;. In Section 4 we specify our
approach to the case corresponding to the Enskog theory and complete the
derivation of Eq. (1) for a homogeneous system. Section 5 contains the dis-
cussion of our results together with indications for further investigation.

2. DESCRIPTION OF THE SYSTEM AND ITS INITIAL STATE

Consider a classical dense gas composed of N identical particles en-
closed in a cube of volume Q. Its Hamiltonian is supposed to have the form
N N N

H(x) = Dt + > V() @

i=1 j>i=
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where x = (x4,..., xy) € I' is a point in the phase space I' of the gas, x; =
(r,, v,) represents the position r; and velocity v; of the ith particle, r; =
|r; — r;|, and we formally set the particle mass m = 1. The pair interaction
between the particles is assumed here to be represented by a continuously
differentiable function V(r) defined for r > 0, and well approximating the
potential of rigid spheres of diameter o (see, e.g., Ref. 8). We thus admit in our
analysis only strongly repulsive short-range forces, vanishing over distances
large with respect to some microscopic length o. The Liouville operator in
this case has the form

L =%+ 8% (5)

where

M=

Ly = v, (6/or,)

1

1Y
it

and

o & L& W (e (0 G
8% = L% = — < (— - —)

IZ a=21 b§>: a=zl arab ava 8vb
The N-particle distribution function f(x; ¢) describing the state of the gas at
time ¢ satisfies the Liouville equation

@) fulx; 1) = —Lfu(x;1) ©)

Equation (6) is to be supplemented with some boundary conditions specifying
the behavior of the distribution fy(x; t) on the walls of the cubic box con-
taining the gas. Lete,, « = 1, 2, 3, be three mutually orthogonal unit vectors
parallel to the edges of the cube. We adopt here (for the sake of convenience)
periodic boundary conditions by putting (see, e.g., Ref. 15, p. 10)

(X1, ooy Xys 8)

fl" fN(xh ceny X1 (ri + Qllsetza vi)s Xit1s w5 Xn5 t) (7)
x

i=1,..,N, a=1,2,3

Equation (7) corresponds to identifying the opposite walls of the cube and
considering the distribution fy(x; ¢) as defined on the resulting tore.

Our aim is to study the long-time behavior of the reduced one-particle
distribution

s 1) = N [ vy it Sy, 003 1) ®)
in the thermodynamic limit
lim = lim 9)

@ N—©,Q— ©,N/Q=n=const
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Thus the particular choice (7) of the boundary conditions should be of no
relevance for our final results. All the functions calculated in the thermody-
namic limit (9) will be denoted in the text by capital letters, e.g., we write

Fi(xy5 ) = lim fi(xy3 1) (10)

To begin with, let us formulate our assumptions about the initial state of
the system.

(iy Homogeneity condition: At t = 0 the properties of the gas are the
same at all points of the container.

Taking into account Eq. (7), we can give this assumption a simple
analytical formulation: For all vectors a e R®

Sulley + a,vy), ..., (ry + 2, vy); 0]
= fN[(rly vl): L) (rN3 vN); 0] (1 1)
Equation (11) expresses the translational invariance of the initial distribution.
Since the Liouville operator (5) commutes with translations, this homo-

geneity condition is conserved in time. In particular, for any ¢ > 0, function
(8) does not depend on r, and has the form

Siley, vi5 1) = ng(vy; 1) (12)
where ¢(v,; ) is the normalized one-particle velocity distribution. An
analogous equation holds in the thermodynamic limit

Fi(ry, vi5t) = n®(vy; £) (13)

where O(vy; ) = lim,, @(vy; 1).
The number density of the particles remains constant, equal to N/Q = n.
(ii) Factorization condition (see Ref. 15, p. 17): At ¢t = 0, in the thermo-
dynamic limit the reduced distribution

ﬁ,i('x17 eeny Xiy vi+17 CEXT) vj; t)

= vy [ v [ [ dxgne oo min 0

0<i<j<N
factorizes into product of the form
i
limﬁ,j(xl: EEES] xi7 vi+15 srey v]'; 0) = E(xla srey xi; 0) I_I (I)(Va; 0) (15)

a=i+1
where

E(xl: ey Xi5 t) = limﬁ(xl’ -ees Xi t)
@

. N! 5
= 11021'1 mj dxi+1"'fdefN(xls s Xns ) (16)

and @ is given by Eq. (13).
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In particular, the j-particle velocity distribution

@,(Vey ooy V33 0) = fo, (¥4, ..., V45 0) (17
satisfies the equation
) i
lim @,(vy, ..., v;;0) = Ofvy, ..., v;50) = H O(v,; 0) (18)
o] a=1
ji=1,2,..

Equation (15) is intimately connected with cluster properties of correlations.
In order to show this, let us study, e.g., the case of the two-particle function

Pa(V1, V55 0) = W—l—_l)f dr, f dry f5(x1, X235 0) (19

In view of the assumed translational invariance (11), the cluster decomposition
of £, has the form

Sox1, X33 0) = nPp(vy; O)p(vs,; 0)
X [1 4 gory — 15, ¥4, v55 0)] (20)

where g, is the initial two-particle correlation function. Hence

N I
Pa(V1, V23 0) = N_—-1 @(v1; 0)p(v2; 0)[1 + @J dr g5(r, vy, Va3 O)] 21

Now, if ga(ry — Ty, ¥4, ¥o; 0) vanishes for |r; — ry| — oo, the second term in
square brackets in Eq. (21) tends in the thermodynamic limit to zero, and
we get

lim @y(V1, ¥2; 0) = @(v1; 0)D(v2; 0)

which is the desired result (compare with Ref. 15, pp. 15, 16). In a similar way
all the other equations in condition (15) can be shown to be implied by cluster
properties of correlations.

The fundamental question still remains whether the property (15) is
conserved in time. Various arguments have been given in favor of this con-
jecture, but to our knowledge a satisfactory proof is still lacking. An elegant
discussion of some aspects of this problem can be found in Ref. 16. We shall
assume here that Eq. (15) remains valid for all 1 > 0. We thus suppose that in
the course of the evolution of the gas the correlation functions at each
moment have the cluster properties, i.¢., they tend to zero when the spatial
separation between the particles tends to infinity. A proof of this important
dynamic property, which seems to us highly probable on physical grounds,
would be welcomed. In order to avoid any confusion, it should be stressed
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that Eq. (15) does not impose factorization conditions on the reduced distri-
bution (16), a property physically unrealistic and obviously not conserved in
time (see Ref. 19, p. 242).

We shall now show that the homogeneity and factorization conditions
(i) and (i) admit the existence of a time-independent idempotent operator
P = P? extracting in the thermodynamic limit from the distribution f(x; £)
its uncorrelated part [ [, f1(x;; ¢) at any ¢ > 0. In order to make this state-
ment precise, let us define this operator by the equation

(PfN)(xla s XN t) = Q_N(PN(VD <y Y5 t) (22)

[see Eq. (17)]. The calculation of the thermodynamic limit for the reduced
distributions associated with Pfy gives

im sy [ oo [t (P o 5 1)

- 1’1 [0 (v31)] = H ) 23)

where our assumptions (i) and (ii) have been taken into account. Defining the
operator Q = I — P, we can thus say that the decomposition

Julxs ) = Pfy(x; 1) + Qfu(x; 1) (24)

corresponds to the division of the distribution fy(x; t) into the uncorrelated
and correlated parts. This interpretation of P and Q, valid for any ¢ = 0, will
turn out to be very useful for the derivation of the equations of the next
section.

3. TIME EVOLUTION OF THE REDUCED ONE-PARTICLE
DISTRIBUTION. IDEA OF APPROXIMATION

The Liouville equation (6) can be formally written as

2105 1) = ~Zfylxs 1) = —LhlE(x; —1);0]

—Zlexp(—=ZL1)]fn(x; 0) 25)

where exp(—.%t) is the N-particle streaming operator, transforming the
phase x of the system at time zero into the phase X(x; —¢) which it had a time
t earlier. In order to make evident in the right-hand side of Eq. (25) the
dynamical evolution of correlations in the gas, we shall introduce the opera-
tors P and Q defined by Egs. (22) and (24). We follow here the ideas of the
theory of kinetic equations as developed by the Brussels school (Refs. 15, 17;
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see also Ref. 18). The physical interpretation of decomposition (24) given at
the end of Section 2 is to be constantly kept in mind.
Applying operator P to Eq. (25) and using the identity

exp(—£1) = exp(—L01) — fo dr [exp(— L0 LP exp[—Z(t — 7)] (26)

we get
2B 0 = 200/ 0 + [ dr9@PRG = @D

where
91) = ~PsZ Qlexp(~L0NIQ (8)
G(t) = PSL Qlexp(—L 0]/ Q5L P (29)

In writing Eqgs. (28) and (29), the relations
P4y = %P =PLP=0 (30)

have been taken into account. The structure of Eq. (27) is well known from
the general theory of kinetic equations, and will not be discussed here. Let us
only notice the appearance in Eqs. (28) and (29) of a modified evolution
operator

Qlexp(—Z 0010 = 2(1) @1

The role of the generator of time translations is played here by Q. Q, which
corresponds to constantly subtracting from the propagated distribution its
uncorrelated part. In this sense operator (31) is said to describe an irreducible
dynamics of correlations.

Integrating Eq. (27) over the velocities of particles 2, ..., N and multi-
plying by QV, we obtain

Gl 1 = O [ @y =+{ - Pa a0

+ f t dr PSS P(1)SLPflx; t — T)} (32)

where f (dvy"~1 = J' dvy--- J. dvy. The kinetic operators (28) and (29) have
been expressed here in terms of the irreducible operator (31).

Equation (32) is exact and can serve as the basis for the microscopic
analysis of the time evolution of a dense gas. In order to go a step further, we
shall now separate out the class of contributions depending on the dynamics
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of no more than s particles. To this end, we notice that, due to the, sym-
metric role played by all the particles, we can transform Eq. (32) to the form

n(0/ot)p(vy; 1)

= i Q“‘lfdv2~--fdva{.@l‘"“(t)Qfa(xl, ey X253 0)
+ f C e G () Py s Yot £ — T)}

t
+ o f dr f vy f A,y DE(r)[—L1CHD 4 g
0

X foe1(X1s ooy Xgg13 8 — 7) (33)
In the terms in curly brackets in Eq. (33) the correlated and uncorrelated
parts of the ag-particle reduced distributions are acted upon by the kinetic
operators

Dt) = P(~L?* + LHP(1)

t 73 Ta~1
DV(r) =f deJ d74...f dry P{(—F2 + YDt — 73)
0 0

0
X (— L1 4 PPy — ) P gy — 1)
X (=Fle  prea-Bglea(z N az3 (34)
and
Gra(r) = — GLeo(7) L1 ap (35)
respectively. Here £ denotes the b-particle Liouville operator, and
Pr¥(1) is given by Eq. (31) with & replaced by #1"%. A simple method of
proving Eq. (33) is presented in the appendix.
It is clear that both operators (34) and (35) are determined by the a-
particle dynamics. On the contrary, the last term in Eq. (33), containing the
operator (—F1 s+ 4+ @15) describes the effects due to collisions between

s + 1 or more particles. For the purpose of further discussion we rewrite it in
the form

i
Q-1 f dr f vy f dv, D5(r)
1]

x [(8/6t) + L1 f( Xy voey Xs3 8 — T) (36)

where the BBGKY hierarchy has been used (see, e.g., Ref. 3, p. 37).
Approximations consisting in neglecting term (36) in Eq. (33) are well
known and correspond to the expansion in powers of density of the kinetic
operators. For s = 2 and s = 3 they lead to the Boltzmann and Choh~
Uhlenbeck theories, respectively. However, for s > 3 the nonanalyticity in
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density shows up and one is faced with the divergence problems extensively
discussed in the literature (see, e.g., Ref. 19 and references given there).

We shall now propose another type of approximation to Eq. (33), which
in the case of s = 2 will lead to the Enskog theory. The physical ideas under-
lying our approach refer to a dense gas at the late stage of its evolution
toward thermal equilibrium. This is conveniently taken into account by
introducing the reduced s-particle distributions of the form

S8 ooy X)P(V1s -y Vo3 D]V, .o Vo) G7

which correspond to approximating the correlations in the gas at time ¢ by
their equilibrium values. The exact distribution can be then written as

.fs(xl, avey xs; t) =.fseq(x15 ceey xs)q)s(vls “es vs; t)/q):q(vla (XY vs)
+ 8fi(xs oees X3 ) (38)

where the additional term §&f, describes the nonequilibrium deviations of
correlations, Keeping decomposition (38) in mind, let us now analyze con-
tribution (36) on the rhs of Eq. (33). Its role consists in modifying the in-
fluence of s-particle dynamics on the rate of change of the distribution
f1(xy; t) by taking into account the presence of the surrounding medium
through collisions involving more than s particles. Indeed, the s-particle
kinetic operator 21 (7) in Eq. (36) is followed by the expression

[(0/or) + L) fu(x1s coos X538 — 7T) (39)

which, as is known from the BBGKY hierarchy, determines (in the thermo-
dynamic limit) the effect of collisions with N — s particles of the medium on
the phase space and the time dependence of the distribution fy(xy, ..., X;;
t — 7). It is precisely the term (39) that we want to approximate. The s-
particle dynamics will be treated exactly within our theory.
To being with, let us notice that at equilibrium expression (39) takes the
form
[(6/or) + L 115(xs, .o X5)
= LYK, s Xs)
= 1@ vy, ..., V) Wiy, .oy T) L p(xy, .oy Xy) (40)
where we put
JEUXy,y ooy Xg) = HPEHDy, oo, VWXL, oy T Y(Xe, oy 1) 41)
with
Wiy, ..., tg) = exp[—/S Z z V(rij)]; B = 1/kT
i>j=1

where T is the temperature and & is the Boltzmann constant.
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On inserting decomposition (38) into Eq. (39), we recover an analogous
term

19V, ooy Yo3 £ — 1YW ATy, oy T)L Sy (ry, ...y 1) (42)

in which the time-dependent velocity distribution has replaced ¢°®. Besides
this, we shall find additionally two contributions

JSe1@or) + LYool e + [(9/01) + Z1°] ¥ (43)

Expression (42) represents a nonequilibrium generalization of the rhs of Eq.
(40), in which the dependence on the position variables is kept unchanged.
Therefore, in contradistinction to contributions (43), it refers to the equi-
librium component of the correlations in the gas, and can thus be supposed,
for a system close to thermal equilibrium, to give a very good approximation
to the influence of the medium on the evolution of the distribution f;. Adopt-
ing this point of view, we can now construct a theory in which the calculation
of the rate of change of the one-particle reduced distribution is based on the
following principles: (a) The influence of s-particle dynamics is rigorously
taken into account, and (b) the influence of the medium on the distribution of
s-particle states [Eq. (39)] is approximated by expression (42).

Let us stress once more that point (b) implies that the role of the equi-
librium component in the actual time-dependent correlations is properly
taken into account. This in fact is necessary to get the correct equilibrium
properties at the final stage of the evolution of a dense system, which was one
of the problems Enskog was concerned with. It is clear that point (b) makes
our approach fundamentally different from theories based on the density
expansion of the kinetic operators.

Applying principles (a) and (b) to Eq. (33), we get

(@/otInp(vy; 1)

=3 Q“‘lfdvz---Jdva {91"'“(t)fa(x1, %03 0)
+ ft dr GV (1) fo(Xyy ery Xg3 £ — 7)}

t
+ Qs f dr f dyy - f v, D (Ve oo Vs £ — 7)
0

X Wy, .oy T)ET 5y, .oy 1) (44)

In the next section the case of s = 2is shown to correspond to the Enskog
theory.
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4. DERIVATION OF THE ENSKOG EQUATION
In this section we study Eq. (44) for s = 2. Using Egs. (12), (22), (34),
and (35), we write it in the form
@/onfi(vs3 0) = = [ dxy 827 exp(~21201)
i
X Qflx1, %23 0) + f dr f dx, 8912 exp(— 212 Qr)
V]

X Q{L2Pfy(x1, X935t — 7) — exp[—BV (r15)]
X LEp(rian’ps(Ve, Vo5 1 — 7)} )

where yp(ri2) = po(ry, ra).
The term in the curly brackets in Eq. (45) contains the expression

{exp[— BV (r)BL5(r12)
= ZL'2{exp[—BV (r12) B} y(r12) — ¥(ria)ZL5%exp[—BV (r1a)l}
— 3L %exp[—BV (ria)}¥(r12) (46)
where the terms
W(r12)L5? exp[—BV (r12)]
= J(r12)V12{(0/0ry2) exp[— BV (ri)]} (47)
and
8L *exp[— BV (r:12)]}¥(r12)

= B—ly(rm){—af—m CXP[-ﬁV("lz)]}(aivl - %) (8)

appear. In both of them the function y(r;;) multiplies the derivative
(8/0r12) exp[—BV (r12)] (49)

According to our assumption (see Section 2) the interaction V(ry,), although
continuously differentiable, is close to the rigid sphere potential

@0, r12<0'

Voo = {5 (50)

Thus the presence of the derivative (49) in terms (47) and (48) reduces the
space integration in the corresponding contributions to the rhs of Eq. (45) to
a small neighborhood of the sphere r;, = o. It is therefore justified to replace
in both of them the continuous [even for potential (50)] function y(r;,) by its
value y(ry2)|r,=0 = ¥(o). Although this procedure is rigorous only for the



Enskog Theory of a Homogeneous Gas 123

rigid sphere interaction, it is certainly a very good approximation for strongly
repulsive forces of range o.
Using this fact, we write the rhs of Eq. (46) in a simplified form:

L[ Y(r12) — y(0)] exp[— BV (r12)] 5D
and by inserting it into Eq. (45) we obtain

o0 0 = | dxz{—szm [exp(— L2 0N]0filx:; x: 0)

- f dr $L2 [exp(— L2 07)| QL2 Q exp[ BV (r12)]
X [y(ri2) — y(0)ln?py(Ve, Vo3 t — 7)
+ ft dr 6.2 [exp(—-L1207)|Q 8.L12P exp[—BV (r12)]

X yeiptn, viit = )} (52
where the relation
Pfo(x1, X958 — 1) = [N(N — 1)[Q?]pa(vy, v3 ¢ — 7)
= P{exp[—BV (r12) [} y(ri2)n® @a(vy, va5 1 — 7)
has been taken into account [see also Eq. (41)].
In order to pass in Eq. (52) to the thermodynamic limit, we notice that

due to our assumptions about the initial state (see Section 2) the following
equation holds:

liel_}ﬂ O fax1, x25 0)
= lim[f5(xy, X35 0) — N(N — 1)Q ™ 2@,(vy, ¥g; 0)]

= Fy(xy, X33 0) — n20(vy, v4; 0) = Folxy, x2; 0) — Fi(xy; 0)Fa(xs; 0)
By introducing the two-particle correlation function
Gy, Xg5 0) = [Faxs, X25 0)/Fi(x1; 0)Fy(x; 0) — 1]
we get

li:;ﬂ Qfolx1, X533 0) = Go(xy, X253 0)F; (31 0)Fi(x5; 0) (53)
Similar calculations lead to the equation
ligl Q exp[ =BV (ri) [ ¥(ri2) — y(0)} = G§4(r12) — Y(0)G5(ri2) (54)

where Y(o) = lim, y(o) and G%%(ri2) = exp[—B(V(riz)] — 1 is the zeroth-
order term in the expansion in powers of density of the equilibrium pair
correlation function G§(ry,).
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Finally we have
lim Pexp[—BV(r5)] = 1 (55

Apart from Eqgs. (53)-(55) it can be shown that when Q — o the difference
between the operators [exp(—-ZL*2Q1)]Q and [exp(—F%)]0 behaves like
Q-1 Indeed, from Eq. (26) we get

[exp(—Z20)]0 — [exp(—£*21)]Q
- f dr {exp[—L120(t — DBLEP[exp(— L]0 (56)

Since for the short-range forces considered here,
Plexp(—Z**1)]Q

I

P f: d+' (3)67") [exp(— L12)]Q

_ J dr' P $12 [exp(—L12:)]0
0

- —Q1 f dr’ f dr, 8212 [exp(— L2:)]Q ~ Q-1 (57)
0

the rhs of Eq. (56) can be neglected in the thermodynamic limit (see also Ref.
20). Consequently Eq. (52) for an infinite volume of a homogeneous gas
takes the form

(9/ot)Fy(vy; 1)
- f dx, {— 5L [exp( = L121)]|Galx2, Xa3 0)
X Fy(vy; 0)Fx(vy; 0) — f s 57 [exp(— L1212
x [G8¥(r1s) — Y(U)Gg?o((:'m)]Fl(Vl; t — I)Fy(ve; t — 7)
+ L e 522 [exp(— L127)] 5L Fy(vy: t — DFy(va: f — 1) Y(a)}

(58)
In writing Eq. (58), the factorization property of the velocity distribution (sce
Section 2) has been used.
We shall now analyze the rhs of Eq. (58) for long times, i.e., for

!> Tpier ~ o0t

where o is the range of the interparticle forces and v is the mean particle
velocity. The standard arguments used in deriving the Boltzmann equation



Enskog Theory of a Homogeneous Gas 125

can be applied here. We thus notice that because of the presence of the
operator 8.#12 in the term

f dicy 5L12 [exp(— L121)|Gols, xa3 OFs(vy; OFa(v330)  (59)

the phases x; and x, of particles 1 and 2 appearing in the initial correlation
function Gy(x;, x2; 0) are constrained to configurations for which |r; — ry| ~
o. Therefore at ¢t = 0 particles |1 and 2 interact via strongly repulsive forces.
The exact two-body streaming operator exp(—£'%t) then changes (x;, x;)
into phases which particles | and 2 had a time ¢ earlier. Thus for > 7.,
both particles will be moving freely and their distance will be large with
respect to o. But for a system close to equilibrium the range of the initial pair
correlation function can be supposed to be of the same order as the range of
equilibrium correlations G§*(ry,), vanishing for ry, » o. Hence for times
t > Tmier the term (59) can be neglected.
The next two terms in Eq. (58), which can be written as

[ [ as {ai 5L [exp(— LGS 1) — Y(a)G;?o(ru)]}

X Fi(vy3t — D)F (vt — 7) (60)
and

H
— Y(g)f d»rf dx,, {8—87_ 812 exp(—F127) exp(fézv)}
0

x Fi(vy;t — DF(vo;t — 7) (61)
also contain the operator 8.#*2. By the same kind of argument as above, the
integrand in Eq. (60) can be shown to vanish when = > 7... For quite a
different reason this also turns out to be true in the case of expression (61):
The time derivative is applied there to the operator

8.L12 exp(—F127) exp(Fi%1) (62)

which, as shown, e.g., in Ref. 3, p. 51, is time independent for = > 7.
Assuming that the distribution F; changes slowly on the microscopic
time scale and that 7> 7., we can thus approximate the product
Fi(vy;t — 7)Fy(vq; t — 7) in both terms (60) and (61) by its value at 7 = 0.
After integrating over  we rewrite expressions (60) and (61) in the form

f dxy 21 [exp(— L1N][GE (1) — Y(0)G5o(r10)]

X Fy(vy; 1)Fy(ve; 1) (63)
and

~ Y(o) f diy (277 exp(—27%1) exp(LROVF (s OF(va; 1) (64)
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respectively. For ¢ >> 7., €xpression (63) vanishes [compare with expression
(59)] whereas in term (64) the operator in curly brackets [expression. (62)] can
be replaced by its limit when # — co. As has been shown by various authors
(see, e.g., Ref. 3 and references given there) we then get, up to the factor
Y (o), the Boltzmann collision term,

Our analysis has thus shown that on the basis of much the same argu-
ments that are used in deriving the Boltzmann equation, Eq. (58) for long
times takes the form

2’% Fi(vy; 1) = Y(o) x Boltzmann collision term

Y(a)jdvzjb dbfde

X g1odF1(vy s 1)Fi(vy 5 t) — Fi(vy; £)Fy(va; 1)} (65)

i

(for the notation see Ref. 3).

In the case of rigid sphere interaction Eq. (65) is identical with the Enskog
equation (1) written for a homogeneous gas. OQur basic approximation (42)
to the term (39) has introduced the effect of the medium on the binary
collisions between the particles by multiplying the Boltzmann collision term
by a factor

Y(o) = lim {explB¥ (DHGE() + 1

5. DISCUSSION

In this paper we have studied the approach to thermal equilibrium of a
homogeneous dense gas. Our ideas originated from an attempt to understand
the Enskog theory at the microscopic level. In order to gain an insight into
this problem, we have calculated the rate of change of the reduced one-
particle distribution [Eq. (33)], making evident (i) the contribution from pure
s-particle dynamics, and (ii) the contribution corresponding to collisions
between more than s particles.

On the basis of formula (36), we could interpret term (ii) as representing
the modification of the effect of s-particle dynamics caused by the influence
of the medium composed of N — s particles on the phase space and time
dependence of the distribution of s-particle states. Qur main object then
became to find a realistic approximation to this influence, analytically
described by expression (39).
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The gas was assumed to be at a late stage of its evolution, when the
correlations are already close to their final equilibrium values. In this situa-
tion it seemed reasonable to relate the dominant effect of the medium on the
distribution of s-particle states to the equilibrium component [see Eq. (38)]
in the actual time-dependent correlations. This is why our approximation to
quantity (39) consisted in taking the same spatial dependence as at equi-
librium [Eq. (40)]. As a result, we obtained Eq. (44), or rather a series of
equations corresponding to various values of s.

At this point it should be mentioned that the problem of the influence of
the medium on a two-particle cluster has been recently analyzed in a similar
spirit by Mazenko®? in his study of the self-diffusion in single-component
fluids. Mazenko discussed the Enskog approximation for the corresponding
memory function. The peculiarity of this problem, in which the equilibrium
averaging appears from the very beginning and quite a different formalism is
used by the author, makes a direct comparison with our approach rather
difficult.

The analysis of Eq. (44) in the case of s = 2 [Eq. (45)] for strongly
repulsive forces of range ¢ has been based in Section 4 on the standard argu-
ments used in deriving the Boltzmann equation. In the thermodynamic limit
and for long times Eq. (45) was shown to coincide with the Enskog equation
for a homogeneous gas. According to our approach, it should provide a good
description not only for the singular rigid sphere potential (50), but also for
a regular potential close to it [see derivation of formula (51)].

A number of open questions remain. The systematic character of the
theory permits to formulate our approximation at the level of s-particle
dynamics for all s > 2. Whereas for s > 4 we encounter the well-known
divergences of the kinetic theory,® the case s = 3 (in three dimensions) is
free of these difficulties and permits us to generalize the Enskog ideas to the
level of three-particle dynamics. The corresponding kinetic equation, con-
taining a modified Choh-Uhlenbeck operator, renormalized by the equi-
librium correlations, is under investigation. Since this problem is rather
complicated and demands a long and subtle analysis, we plan to discussitin a
separate paper.

Another question left unanswered is the quantitative estimation of the
role of the neglected terms (43) in Eq. (36), necessary for the full justification
of our approximation. The agreement of the Enskog equation with experi-
ment shows that at least for s = 2, terms (43) are physically negligible. This
provides a kind of a posteriori argument in favor of our approach. However,
the full understanding of the physical reason for the smallness of terms (43)
remains an open question, which we plan to study in further work. Finally,
one could also think of generalizing the present theory to the case of an
inhomogeneous gas.
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APPENDIX

Here we indicate the method of proving Eq. (33). Consider first the case
of s = 2. The last term in Eq. (33) then can be written as

t
Q2 f dr f dv, f vy DY) — L 4+ L[ (x, Xay Xo: [ — 7)
0

¢
.Qfdvzf dr 912(1')(—-8% + 312)f2(x1;x2;t - 7)
0

I

"Qfdvz D2(t) fo X1, Xa3 0) — QPfd% s.p12
t

X folX1, Xg5 1) + Qfdvzf dr
)

x (a% P(r) + 912(7)312) Salxy, X231 — 7) A

where the second BBGKY hierarchy equation has been used and the integra-
tion by parts with respect to = has been performed.

Equation (33) for s = 2 follows directly from Eq. (A.1) if the first
BBGKY hierarchy equation

@onp(vy; 1) = ~Qp f vy 5L fi(x3, X3 1)

and the relation
(@/o7)D (7)) + Z*(D)L2Q =0

[see Eq. (34)] are taken into account.
By systematically using the relations

(3/8[)915@) — _91...3$1...3Q + 91...3_1(_31.,.3 + gl...s_l)Q

one can also apply the same method to derive Eq. (33) for s > 2.
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